Abstract. This article treats isoperimetric inequalities for integral currents in the setting of stratified nilpotent Lie groups equipped with left-invariant Riemannian metrics. We prove that for each such group there is a dimension in which no Euclidean isoperimetric inequality is admitted, while in all smaller dimensions strictly Euclidean isoperimetric inequalities are satisfied.
Introduction
Isoperimetric inequalities have been and are object of geometric research from the very beginning of mathematics some thousand years ago until today (and hopefully will be so in the future). Starting with Dido's Problem of enclosing an as large as possible area of the plane by a rope of a given length, the question has extended to more general settings. We now ask in a metric space (X, d X ) for the maximal needed (k + 1)-dimensional volume to fill a k-dimensional boundary of given surface measure.
For the case of a simply connected (stratified) nilpotent Lie group G with a left-invariant Riemannian length metric d R , Gromov has drawn a conjectural picture of the isoperimetric behaviour (see [NR93] ). Up to a dimension k o the space (G, d R ) should admit strictly Euclidean isoperimetric inequalities, i.e. the maximal needed volume of a (k + 1)-dimensional filling, k < k o , grows polynomial of degree (k+1) /k in the surface measure of its boundary. Then in dimension k o a non-Euclidean isoperimetric inequality is expected, which by Gromov's heuristic arguments (mainly based on observations on the Heisenberg groups) has a polynomial growth of degree (ko+2) /ko as lower bound. Since then there has been a steady progress, but most works either focus on the Euclidean upper bounds in low dimensions (e.g. [Pit95] , [You13] , [Gru17a] ) or on groups of Heisenberg type (e.g. [Bur96] , [Pit97] , [You16] , [Gru17b] ). Of a different spirit is the considerable result of Wenger in [Wen11b] which necessitates some adjustment on the conjecture. It gives examples of stratified nilpotent Lie groups with a super-quadratic lower bound for the isoperimetric inequality in dimension 1 with at the same time an upper bound proportional to ℓ 2 log(ℓ). This means these groups admit in dimension k o = 1 no Euclidean isoperimetric inequality, but the upper bound is much smaller than predicted by Gromov. The there used integral m-currents are generalisations of differentiable (sub-) manifolds. The solution of Plateau's Problem by Federer and Fleming in [FF60] legitimated them as the right objects to examine isoperimetric problems.
In the present article we prove the conjecture discussed above. The main result is Theorem 1, which states that every stratified nilpotent Lie group with a left-invariant Riemannian metric satisfies strictly Euclidean isoperimetric inequalities up to a dimension k o in which it does not admit an Euclidean isoperimetric inequality anymore.
Theorem 1. For every stratified nilpotent Lie group G of step d ≥ 2, equipped with a left-invariant Riemannian length metric d R , there is a dimension k o ∈ N such that (G, d R ) does not admit an Euclidean isoperimetric inequality for I ko (G, d R ) and satisfies strictly Euclidean isoperimetric inequalities for
We'd like to draw the reader's attention to the guaranteed non-Euclidean isoperimetric inequality in dimension k o . By Wenger's result [Wen11b] this presumably is the best possible general statement. To prove Theorem 1, we show that Euclidean isoperimetric inequalities imply the existence of closed horizontal boundaries.
Lemma 3.1. Let (G, d R ) be a stratified nilpotent Lie group and let m ∈ N, m < dim(G), be such that (G, d R ) admits for all k ∈ {1, ..., m} an Euclidean isoperimetric inequality for I k (G, d R ). Then there is a closed horizontal current S ∈ I m (G, d R ) with FillVol(S) > 0.
Using this, we will prove that the first not strictly Euclidean isoperimetric inequality cannot have an Euclidean upper bound.
Proposition 3.2. Let (G, d R ) be a stratified nilpotent Lie group and let m ∈ N be the lowest dimension in which (G, d R ) does not satisfy a strictly Euclidean isoperimetric inequality for integral currents. Then
Once we have these results, Theorem 1 follows directly:
Proof of Theorem 1. Let V 1 be the horizontal distribution of G. By Lemma 3.1 we know (G, d R ) cannot admit Euclidean isoperimetric inequalities for I k (G, d R ) for all k ≤ dim(V 1 ) + 1 as there are no non-trivial horizontal currents of dimension greater than dim(V 1 ). So there is a dimension m ∈ {1, ..., dim(V 1 ) + 1} which is the lowest dimension in which (G, d R ) does not satisfy a strictly Euclidean isoperimetric inequality for integral currents. By Proposition 3.2 (G, d R ) does not admit an Euclidean isoperimetric inequality for I m (G, d R ) and Theorem 1 follows with k o = m.
Indeed, the maximal dimension of non-trivial horizontal currents is strictly smaller than the dimension of the horizontal distribution V 1 as for the set of horizontal currents holds I k (G, d C ) = {0} if there isn't a k-dimensional Abelian subalgebra of g contained in V 1 (see [Mag04] ).
Definitions and notation

Nilpotent Lie groups
Definition 2.1 (Stratified nilpotent Lie group). A nilpotent Lie group G of step d with Lie algebra g is stratified if it is simply connected and there is a grading
Throughout the whole paper G will denote a stratified nilpotent Lie group of step d ≥ 2 and with Lie algebra g = V 1 ⊕ V 2 ⊕ ... ⊕ V d . This especially includes all simply connected nilpotent Lie groups of step 2. The first layer V 1 is called the horizontal distribution. We equip G with a left-invariant Riemannian metric ·, · . As all such metrics are Lipschitz-equivalent and Lipschitz equivalences only affect the constants in our isoperimetric inequalities, we can assume V i ⊥ V j for all i = j with respect to this metric. We denote by d R the corresponding length metric and the Carnot-Carathéodory metric, i.e. the corresponding length metric of almost everywhere V 1 -tangent curves, we denote by
where L g : G → G, x → gx denotes the left-multiplication by g ∈ G. Such a group G has a family of automorphisms (s t :
The two metrics of interest have the following behaviour under these maps:
We will denote the Hausdorff distance with respect to these metrics by d H,dR and d H,dC , respectively. Further we will denote for U ⊂ G by dim H,dR (U ) and dim H,dC (U ) the Hausdorff dimensions corresponding to the metrics d R and d C .
Integral currents
We will give only a very brief definition of integral currents and the most important terms. For an exhaustive introduction see [FF60] and [AK00] . Let (X, d X ) be a complete metric space and k ∈ N 0 . Let D k (X) be the R-vector space of (k + 1)-tuples (f, π 1 , ..., π k ) of Lipschitz functions on (X, d X ) with first element f always bounded. A k-dimensional metric functional on (X, d X ) is a sub-additive and positive 1-homogeneous function T :
Let T be a metric functional of finite mass and let µ T be the minimal finite measure as above, then
is called the mass of T and the support of T is the closed set supp( 
In the following definition we denote by H k the k-dimensional Hausdorff measure of (X, d X ).
(ii) T is continuous, i.e. if ∀i ∈ {1, ..., k} the sequences (π j i ) j converge pointwise to π i for j → ∞ and if
(v) T is normal, i.e. T and its boundary ∂T satisfy the conditions (i) − (iv), (vi) T is integer rectifiable, i.e. µ T is concentrated on a countably H k -rectifiable subset and vanishes on H k -negligible Borel sets and for every Lipschitz map ϕ :
For k ∈ N 0 we denote by I k (X, d X ) the set of integral k-currents on (X, d X ). It is important to mention that the push-forward, the restriction and the boundary of an integral current are again integral currents. Further, we call an integral current T closed if it has zero-boundary ∂T = 0.
Integral currents can be considered as a generalisation of Lipschitz chains, which themselves are generalisations of smooth submanifolds. Indeed, every Lipschitz k-chain a = i z i α i with coefficients z i ∈ Z and Lipschitz maps α i :
. Later we will talk about convergence of integral currents. For this we use the flat norm of an integral k-current T ∈ I k (X, d X ) which is defined as
In the case of a stratified nilpotent Lie group there is a special subclass of integral currents: Definition 2.3 (Horizontal current). Let G be a stratified nilpotent Lie group and k ∈ N. We call
For a horizontal k-current S the mass M(S) is the same whatever one considers S as an element of
Isoperimetric inequalities
We will like to refer to the optimal mass of a filling of a closed integral current S ∈ I k (X, d X ). For this we define the filling volume of S as FillVol(
Definition 2.4 (Isoperimetric inequalities). Let k ∈ N and α > 0.
satisfies an isoperimetric inequality of strict rank α for I k (X, d X ) if it admits an isoperimetric inequality of rank α for I k (X, d X ) and does not admit an isoperimetric inequality of rank β for I k (X, d X ) for any β < α.
As one might expect, the name Euclidean isoperimetric inequality is motivated by the fact that the Euclidean space (R n , d Eucl ) satisfies for all 1 ≤ k < n isoperimetric inequalities of strict rank α = k+1 k for I k (R n , d Eucl ).
Horizontal spheres and their fillings
Proof. We prove the existence of S in two steps: first we construct for a given Lipschitz-m-cycle b, with
N of horizontal currents such that supp(S n ) converges in the Hausdorff sense to supp(b # ). Then we show that the sequence converges to b # also in the flat norm and therefore there is an n o ∈ N such that FillVol(S n ) > 0 for all n ≥ n o . We set S : = S no to finally prove the lemma.
Let N : = dim(g). We fix an orthonormal (with respect to the Riemannian metric) basis {X 1 , ..., X N } of Further denote by τ n , n ∈ N, the simplicial complex which arises from τ after n-fold barycentric subdivision and denote by b n the corresponding Lipschitz-m-cycle ∆∈τ (m) n φ |∆ . We consider the maximal diameter of the simplices φ(∆), ∆ ∈ τ n , with respect to the Riemannian metric and the Carnot-Carathéodory metric:
As the maximal diameter diam n of simplices of τ n converges to 0 for n → ∞, we get the same for the Riemannian diameter:
And using the Hölder equivalence between (G, d R ) and (G, d C ) (via the identity map id G : G → G and with constant C > 0 and exponent
we can see the same for the Carnot-Carathéodory diameter:
We construct for each n ∈ N a closed horizontal m-current S n with d H,dR (supp(S n ), S m ) → 0 for n → ∞. To do this, we introduce for each k-simplex ∆ ∈ τ n a horizontal k-current H n ∆ such that it respects the simplicial structure:
We start in dimension zero and step by step go up to dimension m.
Dimension 1: We can connect the images of the boundary vertices v 0 , v 1 of an 1-simplex ∆ ∈ τ (1) n by a horizontal path γ ∆ of length ≤ δ C (n). We set H
n .
Dimension 2 ≤ k ≤ m: In this step we need the assumption that (G, d R ) admits for all k ∈ {1, ..., m} an Euclidean isoperimetric inequality for
therefore admits an Euclidean isoperimetric inequality for compactly supported horizontal k-currents. Further we use Wenger's results on the filling radius [Wen11a] , which allows us to find constants D, µ ≥ 1 such that for every closed current T ∈ I k−1 (G, d C ) with compact support there is a filling
We denote by M k n the maximal mass of
n . By the above construction we have
By this we get the following estimate how far the support of
n }, then:
We set n ) ⊂ supp(S n ) and δ C (n) ≤ ε(n). Again by the relationship d R ≤ d C , the same estimate holds for the Hausdorff distance with respect to the Riemannian metric: d H,dR (supp(S n ), S m ) ≤ ε(n). As δ C (n) → 0 for n → ∞, each summand of ε(n) converges to 0 and therefore ε(n) → 0 for n → ∞. So the sequence (supp(S n )) n∈N converges for n → ∞ in the Hausdorff sense to S m . To see that S n − b # flat → 0 for n → ∞, we construct a sequence of integral currents T n ∈ I m+1 (G, d R ) with ∂T n = S n − b # and T n flat → 0 for n → ∞. For this we will use the combinatorial (i.e. simplicial) structure of S n and again we will work our way up from dimension 1 to dimension m. For the construction we need a control on the mass of φ-images of k-simplices of τ n . Let for k ∈ {1, ..., m}
n } be the maximal mass of an integral k-current induced by a k-simplex of τ n . As each k-simplex of τ n arises from an n-fold barycentric subdivision of a k-simplex of τ we obtain:
Equipped with this we can start with the construction of T n .
Dimension 1: Let e ∈ τ
(1) n be an edge and let H n e ∈ I 1 (G, d R ) be the corresponding current constructed above. Then S 
be a k-simplex with (k − 1)-dimensional faces ∆ 0 , ..., ∆ k , i.e. ∂∆ = k j=0 (−1) j ∆ j , and let F n ∆j , j ∈ {0, ..., k}, be the integral currents constructed in the previous step for dimension k − 1. Then the sum
We can fill S n ∆ , using again [Wen11b] , with an integral current
We set
and as every ∆ ∈ τ (m−1) n is face of exactly two m-simplices of τ n , we obtain by construction
n } the maximal distance of points in the k-skeleton of supp(T n ) from S m . We prove by recursion σ(n, k) → 0 for n → ∞ and all k ∈ {1, ...m}.
where we have
We have already seen that M k n → 0, η k (n) → 0 and ε(n) → 0 for n → ∞. For N k n we have the following recursive estimate:
Finally we obtain
So there is an n o ∈ N with FillVol(S n ) > 0 for all n ≥ n o . Then S : = S no is a closed horizontal m-current with positive filling volume as desired.
Proposition 3.2. Let (G, d R ) be a stratified nilpotent Lie group and let m ∈ N be the lowest dimension in which (G, d R ) does not satisfy a strictly Euclidean isoperimetric inequality for integral currents. Then (G, d R ) does not admit an Euclidean isoperimetric inequality for I m (G, d R ).
Proof. As m is the lowest dimension in which (G, d R ) does not satisfy a strictly Euclidean isoperimetric inequality for integral currents, we have in particular that (G, d R ) admits for all k ∈ {1, ..., m−1} an Euclidean isoperimetric inequality for I k (G, d R ). Assume (G, d R ) admits an isoperimetric inequality of rank α < define the closed horizontal m-current S t : = (s t ) # (S) and let T t be an integral (m + 1)-current with ∂T t = S t and M(T t ) ≤ C · M(S t ) α = C · (t m · ℓ) α . Then T t : = (s t −1 ) # (T t ) is a filling of S with
As we have α < m+1 m , the exponent ǫ = mα − (m + 1) is negative. Therefore, with t > max{
we obtain a filling T t of S with M( T t ) < V = FillVol(S). But this is a contradiction! So (G, d R ) does not satisfy an isoperimetric inequality of rank α for I m (G, d R ) for any α < Remark 3.3. The proof shows in addition, that the dimension k o of the first non-Euclidean isoperimetric inequality in Theorem 1 can be characterised as the smallest dimension k such that there is a k-dimensional horizontal boundary without a horizontal filling.
